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Abstract 

We investigate the flux compactification mechanism in simple toy models of Einstein-Born-Infeld 
theories. These are the direct generalizations of the Einstein-Maxwell flux compactifications that 
recently gained fame as a toy model for tunneling in the landscape. Our investigation reveals that 
the Born-Infeld form does not significantly modify the qualitative result of the Einstein-Maxwell 
theory. Eor the case of Einstein-Higgs theory, however, we found that the effect of Born-Infeld 
nonlinearity is to render all g > 1 extradimensional compactification unstable against semiclassical 
tunneling to nothing. 
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I. INTRODUCTION 


It is well known that compactification of higher-dimensional theories results in the vast 
landscape of vacua[T]-|3]. In the context of the multiverse, tunnelings between vacua become 
a relevant subject to study in order to answer the ultimate questions: why are we here, and 
where were we from? 

While the real purpose is to bring string theory down to the low energy level, flux com- 
pactihcation in much simpler toy models has also been intensively studied[lH8]. In this 
simplihed environment, one can make useful predictions while at the same time avoiding the 
mathematical complication. Recently, tunneling in the landscape of Einstein-Maxwell flux 
compactihcation was investigated PHQ]. Their studies reveal novel channels of transdimen- 
sional transitions, both topology preserving and topology change. It is somewhat surprising 
that such a simple toy model can exhibit a rich landscape of vacua. 

It should be noted that in the context of realistic string compactihcation, the Einstein- 
Maxwell (and Einstein-Higgs) hux vacua provide a low-energy effective pictures. It is thus 
expected that at a high energy regime close to the string level, nonlinear terms should be 
taken into account. A natural nonlinear modihcation of the Maxwell Lagrangian is the Born- 
Infeld theory once constructed to regularize the self-energy divergence in the Maxwell 
theory, it has regained interest as the D-brane Lagrangian in the last 30 years. There is 
an extensive discussions on Einstein-Born-Infeld theories and their solutions in the litera¬ 
ture. The Reissner-Nordstrom-Born-Infeld black hole is discussed in Refs [TBHT^ . More 
recently, this Einstein-Born-Infeld theory is generalized into Born-Infeld gravity coupled 
to Born-Infeld electrodynamics to study its corresponding static solutions and cosmological 
phenomena 1201 ED- 

A recent paper on Dirac-Born-Infeld (DBI)-gravity hux vacua [22] discusses the hux 
landscape in the context of DBI-type gravity theories. There, since the equations of motion 
do not lead to canonical Einstein equations, the authors employ a method of a minimum 
potential introduced by Wetterich [23] to obtain minima which correspond to the hux vacua. 
Here, we follow a diherent route. In this paper, we consider Einstein-Born-Infeld theories 
and study the corresponding spontaneous compactihcation that leads to hux vacua. These 

^ Recently, the Born-Infeld-like modification has been employed in the study of noncanonical defects; for 
example, see Refs. USHIS]. 
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models are the natural UV completion of the Einstein-Maxwell theory and can be perceived 
as one step closer toward the realistic string flux compactihcation. 

In the next section, we discuss flux compactihcation in the Einstein-scalar-DBI (Dirac- 
Born-Infeld) theory, both in hve and higher dimensions. Next we consider the six¬ 
dimensional Einstein-Born-Infeld-Abelian theory and study its hux vacua. In each case 
we discuss the effect of compactihcation on four-dimensional observers by means of dimen¬ 
sional reduction. Finally we in the last section, we give some comments on our results and 
discuss possible further work. 


II. EINSTEIN-SCALAR-DBI FLUX COMPACTIFICATIONS 


A. Five-dimensional model 


We consider a simple model of a complex scalar held in hve dimensions as follows 


S = J - ^(00 - , ( 1 ) 

where M, N = 0,1, 2, 3, 5, with M and A the hve-dimensional Planck mass and cosmological 
constant, respectively. The complex scalar held is assumed to be static, 0 = 0 = 

), where 6{x^) is the held phase. This is a nonlinear modihcation of the hux com¬ 
pactihcation model induced by scalars^ [U [9] . 

Assuming that the scalar helds are in their ground state, |0| = rj, 


S = I dx^^(^^R-/3^ 




A , 


we obtain the equation of motion for our hve-dimensional model 

Rab - l~gABR = 


( 2 ) 


( 3 ) 


dM\^£^\=0. 


( 4 ) 


^ The model can be perceived as flux compactification induced by a general nonlinear cr-model albeit with 
a different type of kinetic term than in Refs. [51 f^. 
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We employ the compactification ansatz, 


ds'^ = QMNdx^dx^ = gfj,ydx^dx'' + (?55(x^) {dx^Y , (5) 


with g^^{x^) = = const., the size of the extra dimension. Here we take the fonr- 

dimensional Ricci scalar to be i? = 12H^, where H is an effective fonr-dimensional Hnb- 
ble constant; its valne can be positive, negative, or zero for de Sitter, anti-de Sitter, and 
Minkowski, respectively [9]. The Einstein tensor can then be written as 


= 


( 6 ) 

G 55 = 

-QH‘^955- 

(7) 


The energy-momentnm tensor is 


Tab = -~9ab | f/l + - 1 ) + A ) + 


The scalar held ansatz is given by BE] 


rfdAddsO 


^i + f,dMed^e 


9{x^) = nx^, 


( 8 ) 


(9) 


where n is a winding nnmber of which the valne must be an integer by the dehnition of the 
held phase. In this sense, the scalar helds wrap around the extra dimension. This yields 
Einstein’s equations in Eq. (|^ as follows: 



G 55 








+ 




M3 





The solutions are 


( 10 ) 


iL^)± = 


3/34 + 2 /? 2 a - A 2 ± ^2^2 ^2 _ ^ A9/34 _ 2/32a + A 2 


m± = 


2 (^/? 2 a 2 - 2/3^A 

A + ( 4 A- ^/2\j^ 9/3'‘-2/32A+A 2 ) j/ 32 (±2A+-vA/34-2/32A+A^^ 

3iiP 


( 11 ) 


( 12 ) 


For real values of g, f3, A, and M, it can be checked that: 
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• Only {L'^)+ gives real value, thus physical. 

• We need negative A to obtain real This means that compactihcation can occur 
provided that the hve-dimensional bulk space is anti-de Sitter (AdS^). 


B. Four-dimensional perspective 


The solutions above do not tell us about stability. It may be that they are saddle 
points of the energy and, thus, unstable. To understand stability we follow the approach of 
Refs. [HI[ID]; that is, we look from the four-dimensional observer’s perspective. We reduce the 
hve-dimensional action ([^ into a four-dimensional effective theory using conformal metric 

= QMNdx^dx^ = g^^dx^dx’^ + [dx^Y . (13) 


The resulting lower-dimensional action takes the Einstein frame with canonical scalar radion 


terms should we choose a = and 7 = 2 -i/|; that is 


S = j d'^x^/^ ~ - V (V’, n)J 


(14) 


with the Planck mass = 2'kLM^. The last term is the radion (ip) potential perceived 
from the point of view of the four-dimensional perspective. 


V (-0, n) = 27iLe 


2 ^ 



- 1 + A 


( 15 ) 


The real radius of the compact extra dimension can be obtained by minimizing the potential, 

dV{ij) 


dtp 


■|i/)=o 0 - 


( 16 ) 


The result conhrms Eq. (12). In Fig. [^we plot the effective potential for various n. Upon 
Taylor expansion the hrst term in Eq. ( |I5| apparently cannot produce higher-order coef- 
hcients that can stabilize against the repulsive force, in contrast to the model studied by 
Blanco-Pillado and Salem. [25]^. We are, therefore, forced to set the hve-dimensional cosmo¬ 
logical constant to be negative. Hence, the higher-dimensional space must be anti-de Sitter 
(AdS,) 


^ In Ref. [25] the authors mentioned a DBI-Higgs model in (2+1+1) dimensions, which could be a more 
natural choice but nevertheless lacks any metastable (de Sitter) vacua. Apparently the same model in 
(3+1+1) dimensions also suffers from the absence of positive vacua. 
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FIG. 1: Plot of G(V’) vs ip for three different values of the winding number, n = 1, 2, 3, and other 
parameters as Mp = /3 = 1, A = —1, and r] = L = 10. 



FIG. 2: Plot of the effective potential F('0) as a function of scalar field ip for four different values 
of the coupling constant. Here Mp = 1, n = pr] = 5, and A = —0.005. 

The distinctive feature this model has is its DBI nonlinearity controlled by the coupling 
constant jp. As can be seen from Fig. the larger the fp (weaker coupling), the more stable 
the vacua are. This is simply because in the limit /3 —)■ oo our Lagrangian reduces to the 
ordinary hve-dimensional Einstein-Higgs theory. On the other hand, for /3 —)■ 0 it enters the 
strong-coupling regime. In this regime the repulsive bosonic force increases, and hence the 
vacua tend to be less AdS. 
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C. DBI-scalar in higher dimensions 


There is not much to say about the qualitative results of the potential shape. As in the 
case of the Einstein-Higgs theory [H], compactihcation only results in AdS 4 x vacua. But 
what happens if we have more than one extra dimension? Can we have dS^ x S'” vacua? 
In Ref. [9] the answer is negative. We are interested to see whether the nonlinear effect of 
Born-Infeld might cure this absence. Here we consider a (4 + g)-dimensional theory where 
extra dimensions are compactified on a g-sphere, 

^d-2 


S= d^X 


Rid) - 13^ I ^11 R - 1 1 - A 


f3 


(17) 


where i,j = 1,2,3,... ,q label the extra dimensions and kij{(j)^) is the held space metric on 
a g-sphere. We assume the conformal rescaling of the metric tensor 


= 6°“ g^tydx^dx'^ + e ^'^p L'^hijdx^dx^, 


(18) 


where L is the radius of the g-extra dimension and a and b are constants that depend on 
the extra dimension itself [^, 


a = — 


2 g 


6 = 2 , 


g + 2 “ y g(g + 2 ) ■ 

The only scalar held ansatz consistent with the wrapping of the g-sphere is 

The four-dimensional ehective potential becomes 


(19) 


( 20 ) 


Mp _ A , aV* 


^('0,d) = -d(d - l)^e ibMp J^Y^^Mp 






( 21 ) 


where Vs is the volume of a g-sphere with radius L. To obtain the radius of compactihcation, 


we solve the extremum condition of the potential, ^|■ 0 =o = 0 , which yields 


g(g - 1 ) /g + 2 


L 2 


rftV' 


2^ T2,/iT 


I3‘2L2 


2 g 2 

K 


g + 2 


2 g 

g + 2 




'1 + 


qrj^ 


This can be simplihed as an algebraic equation of order 6 , 

AL® + BL^ + = 0 , 


1 1 + A 1 =0. 

( 22 ) 

(23) 
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FIG. 3: Plot of V{'ip) from Eq. (21) with Mp = k = 1, r] = 5, (5 = 0.2, and A = —(3^. In this 


parameter space compactification occurs only up to g = 7. 


where 


A = 4K^fA 1^2 f - A ' 

B = AK^{q + 2) — {q — 1)) + Ak^A {2qK^rf‘ + (g — l)(g + 2)) — AqK^rfA^^ 

C = (4(g + - {q- ^Yiq + 2)^ - Aq{q - l)(g + 2)K^Tf) [3‘^ + Aq{q - l)(g + 2)rj^K^A, 


D = -q{ (g- l)(g + 2) t]^. 


(24) 

There are six roots, three of which are real. The actual form is complicated and rather 
unilluminating, so we avoid presenting it. The root solution is the most positive one. We 


plug it back into Eq. (21) and study its behavior against the variation of /3, q, and A. 


It appears that the Born-Infeld nonlinearity still fails to produce any A^d > 0-vacua. 
Compactihcation results in the AdS^ x S'^ vacua. On the other hand, the existence of vacua 
now becomes a function of A and (A. This can be seen, for example, in Fig. For every 
value of A and /3, there exists a critical number of the extra dimension, qcriti beyond which 
no compactihcation solution is possible. 

Another interesting property is that, despite being perturbatively stable, all vacua with 
g > 1 suffer from nonperturbative instability. This is because the vacua are all local minima 
of the potential (see Fig. |^. Spontaneously a bubble will nucleate, inside of which it contains 
a stabler vacuum |26]. But there is no stabler vacuum; the global minimum is at V{'ip) —)■ 











FIG. 4: Global maxima of Fig. 


—oo. In Ref. [27] this limit is identified as the limit where spacetime nonsingularly pinches 
off and nothing remains, a bubble of nothing^ [SU] • This instability is so severe that it renders 
all vacua to spontaneously tunnel to a state of no spacetime. Thus, we conclude that all 
compactihcation with g > 1 extra dimensions is quantum-mechanically unstable against 
decay to nothing. This is a genuine feature of Einstein-Born-Infeld compactihcation that 
does not appear in the Einstein-Higgs theory. 


Notice that the potential (21) contains an effective cosmological constant given by 


A.// ^ A - 


(25) 


We investigate several regimes of A^ff to see its effect on the compactihcation vacua: 

1. Ae// > -2/?2 

In this regime compactihcation can happen for a large class of q. This is shown, for 
example, in Fig. 

2 . Kff = -2(3^ 

This is the regime where Fig. [^belongs. Here compactihcation can happen only up to 
Recently bubbles of nothing in the flux compactihcation scenario have been discussed in Refs [28l [29]. 
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FIG. 5: An example of F('i/’) with ^eff > —2/3^. Here we use the following values: Mp = n = 1, 
rj = 5, /3 = 0.2 and A = -0.005. 



FIG. 6: A typical F(V’) with A^ff < —2/3^. The following values are used: Mp = k = I, r/ = 5, 
j3 = 0.2, and A = —0.2. 

q = 8. From Figj^it is shown that the most stable false vacua are when q = 2. 

3. A,ff < - 2/32 

Here the strength of negative Ae// results in fewer vacua possible. This is due to the 
attractive force from AdS^. In this regime we can compactify solutions only up to 
g = 3 (see Fig. [^, beyond which no stable vacuum occurs. There even exists a critical 
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limit of allowed extra dimensions above which the potential ceases to be real. We 
believe this is due to the square root form of the Born-Infeld term. 


III. LANDSCAPE OF SIX-DIMENSIONAL EINSTEIN-ABELIAN-DBI THEORY 


In this section we consider a six-dimensional generalization of Einstein-Maxwell theory [7] . 
The action is given by the following: 


S = j 




A , 


(26) 


where M, N = 0,1, 2, 3, 5, 6 with M( 6 ) and A the six-dimensional Planck mass and cosmo¬ 
logical constant, respectively. Varying it with respect to and Am yields Einstein’s held 
equations 

1 _ 1 

(27) 


~ 'p:9mnR^^^ — „ Tmn 


along with the energy-momentum tensor 
Tmn = —QMNb^ 


K) 


1 + + 1) + g FmcFnd ^ p8) 


1 + ^F^bF-'o 


and Born-Infeld electrodynamics equation 




d 


'N 




MN 


= 0 . 


'1 + ^bFabF-^o 
The compactihcation ansatz for the metric is A 4 x 8“^,^ 

ds^ = QMNdx^ dx^ = g^jydx^dx'^ + {dO'^ + sin^ , 

while the gauge held ansatz takes the form of the magnetic monopole [7j 


(29) 


n 


{cosO ± 1 ). 


(30) 


(31) 


The Born-Infeld equation is trivially satished by the monopole ansatz, while Einstein’s 
equations become 






+ i" - A, 




+ 


n 


A/,51 g \/ 1 + 41,2^2J14 ' 4 ^ 2 Ijl 




(32) 


+ b^-K. (33) 


462e2_R4 


X 4 can be ^^54 (anti-de Sitter), M 4 (Minkowski), or dS 4 (de Sitter). 
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Eliminating H^, we obtain an algebraic equation for : 




+ R-A 


1 + 




Ab'^e^R^ 


= b^ + 


n 


2e^R^ ■ 


(34) 


Rearranging, this gives a polynomial equation of order 4 in 


1 

RO 1 b'^e^ 


n 

4^4 


^ R 6 


1 fn^MUb^-A) 


( 6 r_ 


—A) 


+ wr I 4M(g) + 


R4 


46^6^ 

^2 A^2 1,4 


+— (^4MJ)(6^ _ A)) + (6^ _ A)^ - 64 = 0, (35) 


or, after some manipulation. 


Ax^ + Bx^ + Cx"^ + Dx + F = 0, 


(36) 


where x = R^ and 


A = 
B = 

C = 

D = 

F = 


(( 6 " - A)= - , 

( 4 M,- 8 ,(()" - A)) , 


+ 


n^(6^ — A) 

4^2 g 2 



b‘^e^ 


1 


A!A_ A) 

^2g2 4e4y 


(37) 


There are four solutions of i?^, two of which are real. Their explicit forms are complicated, 
but it is clear that the true solution must be real and positive. Having solved the radius 
we can substitute back to obtain solutions for H^. Whether the solutions describe the 
compactihcation or not can be best perceived by looking from the four-dimensional observer’s 
point of view. 


A. Four-dimensional Perspective 

Like the previous way, for understanding the compactihcation mechanism and checking 
the stability, we shall look at this theory from a four-dimensional perspective where the 
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FIG. 7: A = 0.0104, b = 0.5, n = 13,14,15,16,17 


radius of extra dimensions becomes a dynamical field (radion). We start by assuming that 
the form of the six-dimensional metric can be conformally rescaled as 

ds^ = QMNdx^dx^ = e-'^^^^l^^g^,,dx^dx'' + 


After dimensional reduction the six-dimensional action can be written in a four¬ 
dimensional way as 

r f 1 1 

S = J d^x^^ I -V{'il))\ (39) 

with V{ijj) given by 


V{i;) = dvrMj) 




^ 462e2i?4 


(40) 


The hrst term comes from the Born-Infeld flux, that contributes to expanding the size of 
the extra dimensions. The second term comes from the curvature of while the last term 


is the constant term. Extremizing it yields Eq. (35). Setting Mg = Mp = e = 1, we can 
obtain the plot of V{'ip) as shown in Fig. We see from the picture that there are stable 
vacua which are stable against small perturbation and unstable ones. 

These stable vacua, unlike the previous Einstein-DBI-Scalar case, can be positive, zero, 
or negative four-dimensional cosmological constant. The higher the winding number n the 
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FIG. 8: A = 0, b = 0.5, n = 5,7, 10. All lower-dimensional vacua are AdS^. 

greater the repulsive force due to the flux, thus the higher de Sitter vacua we have. The higher 
the de Sitter vacua the less stable they are against tunneling to decompactihcation (dSe). 
There exists a critical value of n, ricrit, (in Fig. = 17),above which no compactihcation 

occurs. 

Qualitatively, there is no nontrivial difference with the landscape of vacua shown in Ref. 
[9]. In this scenario, we are also forced to have A to lift up vacua to obtain dS^. Nonlinearity 
of the Born-Infeld kinetic term is not sufficient to self-lift up the vacua. As a consequence, 
all solutions with A = 0 result in AdS^. This is shown, for example, in Fig. 

IV. CONCLUSIONS 

In this paper we discussed flux vacua in the framework of Einstein-Born-Infeld theo¬ 
ries. Our work was partly motivated by the search of nontrivial flux vacua in these theo¬ 
ries, following the discovery of a surprisingly rich landscape in a simple higher-dimensional 
Einstein-Maxwell toy model j9]; in particular we were curious whether the nonlinearity of 
Born-Infeld theories can avoid the need for a bulk cosmological constant and produce de 
Sitter vacua in the Einstein-Higgs toy model. It was expected that this UV completion 
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of low-energy flux compactification might reveal some interesting features not shown in the 
linear (scalar and Maxwell) landscape. Our investigation results in the negative answer. The 
shapes of the four-dimensional radion potentials do not signihcantly differ from their linear 
counterparts, no de Sitter vacua appear in the Einstein-DBI-Higgs landscape irrespective 
of the bulk cosmological constant, and similarly so for the case of the Einstein-Abelian-DBI 
landscape. 

Despite having qualitatively same results, our investigation is not entirely barren. Perhaps 
the most nontrivial result is that we found all higher-dimensional scalar flux compactihca- 
tions (with extra dimensions g > 1) to be unstable against tunneling to, which we conjecture, 
nothing. This claim, however, requires a proof. Tunneling to nothing in the context of flux 
compactihcation has been extensively studied in Refs. [2HI EH]. It is interesting to explicitly 
obtain instantons mediating decay to nothing in our toy model. We expect to present the 
result in the forthcoming publication. 

Apart from tunneling to nothing, it is also interesting to investigate other decay channels, 
e.g., tunneling between flux vacua. In Ref. [H] the instantons mediating flux tunneling in 
the Einstein-Maxwell toy model are identihed as extremal magnetically charged 2-branes. 
Our instanton should thus be the nonlinear modihcation of them. More specihcally, it 
should be the higher-dimensional version of the Born-Infeld-Reissner-Nordstrom black hole. 
The solutions of Einstein-Abelian-Born-Infeld in four dimensions were already discovered 
in Refs. [TUl - ITH] . However, so far the Born-Infeld brane solutions have not been found 
analytically. Once these solutions are known the construction of our toy-model instantons 
can be built along this line. 
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